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Modified Coulomb potential with virtual photons
following a canonical distribution
Kohzo Nishida∗)
Department of Physics, Kyoto Sangyo University, Kyoto 603-8555, Japan
Abstract
The need for a cutoff in the Lamb shift calculation suggests that high-energy
virtual photons do not interact with real particles. In this paper, we assume that the
creation of virtual photons follows a canonical distribution. As a result, the Coulomb
potential is modified to V (r) = −ze2 arctan(mcr)/(2π2r), and the zero-point energy
density of the electromagnetic field becomes finite.
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§1. Introduction
In quantum field theory, cutoffs are often introduced when calculating physical quantities.
Let us show this in the Lamb shift1)–5) calculation. The Lamb shift ∆E between the 2s1/2
and 2p1/2 levels is known to be
6)
∆E =
α5me
6π
∫ me
1/a0
dp
p
=
α5me
6π
ln
1
α
, (1)
whereme is the mass of the electron, α is the fine structure constant, and a0 = 1/(meα) is the
Bohr radius. The energy integral of the virtual photon,
∫
dp/p, is stops counting the photons
when their wavelength gets bigger than the size of the atom, a0. On the short wavelength
side, this integral stop counting the photons when their wavelength gets shorter than the
Compton wavelength. That is, the cutoff me is introduced in the Lamb shift calculation.
Renormalization by cutoff is also an operation that does not count virtual particles with
energy larger than the cutoff. Thus, the agreement between the experimental value and the
theoretical value introducing the cutoff suggests that high-energy virtual photons do not
virtually affect real particles.
Now, we propose a new approximate calculation method for integrals with cutoff. (1)
can be approximated by a suppression factor e−p/me as
∆E ≃ α
5me
6π
∫ ∞
1/a0
dp
p
e−p/me ≃ α
5me
6π
(
ln
1
α
− γ + πα
)
, (2)
where we used the integral formula∫ ∞
x
e−p
p
dp = Γ (0, x) = (− log(x)− γ) + x− x
2
4
+ · · · , (3)
where Γ (s, x) is the upper incomplete gamma function, and γ = 0.57721 · · · is Euler’s
constant. In addition to
∫
dp/p, we can approximate integrals
I =
∫ Λ
0
pndk =
1
n + 1
Λn+1 (n = 0, 1, 2 · · · ) (4)
that appears in the loop integral as follows when n is small:
I ≃
∫ ∞
0
pne−p/Λdp = n!Λn+1. (5)
Thus, we can approximate an integral with a cutoff Λ as an integral with an infinite integral
range multiplied by the suppression factor e−p/Λ.
The suppression factor e−p/mc has the same form as a Boltzmann factor e−βE. If the
suppressor is a Boltzmann factor, it means that the creation of virtual photons follows a
2
canonical distribution.7) In this paper, we investigate a model in which the creation of virtual
photons follows a relativistic canonical distribution. As a result, we demonstrate that the
Coulomb potential is modified, and the zero-point energy density of the electromagnetic field
becomes finite. The modified Coulomb potential has interesting properties that it becomes
the ordinary Coulomb potential at a long distance and becomes finite at r = 0.
§2. Modified Coulomb potential
We propose a new electromagnetic field operator with a probability density ρ(p, u¯), which
is the c-number,
Aµ(x) =
∫
d3p√
(2π)32ω(p)
{aµ(p)e−ipx + a†µ(p)eipx}ρ(p, u¯)1/2, (6)
where we work in the Feynman gauge. The coefficients of the expansion a(p) and a†(p)
satisfy the canonical commutation relations
[aµ(p), a
†
ν(q)] = gµνδ
3(p− q), [aµ(p), aν(q)] = [a†µ(p), a†ν(q)] = 0, (7)
aµ(p) =
3∑
λ=0
ελµ(p)a
λ
p
, [aλ
p
, aλ
′†
q
] = gλλ
′
δ3(p− q). (8)
We assume that the probability density ρ(p, u¯) is a relativistic canonical distribution
ρ(p, u¯) ≡ e
−|u¯µpµ(p)|/mc
Z
, (9)
with
Z ≡
∫∫
d3pd3xe−|uµp
µ(p)|/mc , pµ(p) ≡ (ω(p),p) , (10)
where mc is a cutoff. Z is the state sum, which is Lorentz invariant because d
3pd3x is Lorentz
invariant. u¯µ is an average of four-velocities of photons created by the potential Aµ(x). The
spatial distribution of matter in the universe is homogeneous and isotropic, which means
that the average four-velocities of the photons, u¯µ can be written in any coordinate system
as
u¯µ = (1, 0, 0, 0), (11)
because the spatial component is canceled with plus and minus appearing equally. Thus, in
any coordinate system, we can always rewrite the relativistic canonical distribution to
e−|uµp
µ(p)|/mc
Z
=
e−ω(p)/mc
Z
. (12)
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Using (6), we obtain the photon propagator,
Dµν(x, y, u¯)
= i < 0|T (Aµ(x, u)Aν(y, u))|0 >
= i
∫
d3p√
(2π)32ω(p)
∫
d3q√
(2π)32ω(q)
e−|u¯µp
µ(p)|/(2mc)e−|u¯µq
µ(q)|/(2mc)
×[< 0′|θ(x0 − y0)aµ(p)e−ipxa†ν(q)eiqy + θ(y0 − x0)aν(q)e−iqya†µ(p)eipx|0′ >]
= i
∫
d3p
(2π)32ω(p)
e−|u¯µp
µ(p)|/mc
×gµν{θ(x0 − y0)e−ip(x−y) + θ(y0 − x0)eip(x−y)}|p0=ω(p) (13)
where we redefine the vacuum as
|0′ >≡ 1√
Z
|0 >, < 0′|0′ >= 1. (14)
(13) can be rewritten as
Dµν(x, y, u¯) =
∫
d4p
(2π)4
e−ip(x−y)
−gµν
p2 − iǫe
−|u¯µpµ(p)|/mc , (15)
where we use ω(−p) = ω(p). We obtain the photon propagator in momentum-space:
iDµν(p, u¯) ≡
∫
d4xeipxiDµν(x, 0, u¯)
=
−igµν
p2 − iǫe
−|u¯µqµ(p)|/mc . (16)
Equation (16) shows that the Coulomb potential takes the following form8)
V (r) = − ze
2
(2π)3
∫
d3pe−ip·r
1
|p|2 e
−|u¯µqµ(p)|/mc
= − ze
2
(2π)3
∫
d3pe−ip·r
1
|p|2 e
−|p|/mc , (17)
where z is the atomic number, and we used (12). This polar coordinate expression is
V (r) = − ze
2
(2π)3
∫ ∞
0
dp
∫ pi
0
dθ
∫ 2pi
0
dφp2 sin θe−ipr cos θ
1
p2
e−p/mc
= − ze
2
(2π)3
4π
r
∫ ∞
0
dp
sin pr
p
e−p/mc , (18)
where p = |p|. Using the integral formula
∫ ∞
0
dx
sin rx
x
e−x/m = arctan(mr), (19)
4
we finally obtain the modified Coulomb potential:
V (r) = − ze
2
2π2r
arctan(mcr). (20)
Using arctan(x) = x − x3/3 + · · · and limx→∞ arctan(x) = π/2, (20) can be approximated
in each region as follows:
V (r) =


−ze
2mc
2π2
+
ze2m3c
6π2
r2 (mcr ≪ 1),
− ze
2
4πr
(mcr ≫ 1).
(21)
The modified Coulomb potential has interesting properties that it becomes the ordinary
Coulomb potential at a long distance and becomes finite at r = 0. We show the graph for
each region in Figs. 1 and 2.
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Fig. 1. y = arctan x/x (0 ≤ x ≤ 2)
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Fig. 2. y = arctan x/x (0 ≤ x ≤ 50)
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Let us evaluate the cutoff mc. The boundary rc of each region given by (21) satisfies
mcrc = 1, that is, rc = 1/mc. In the region which is larger than the nucleus radius rN = 10
−15
m, Rutherford’s scattering experiment suggests that the Coulomb potential is the ordinary
one. Therefore we find rc ≤ rN . That is,
mc ≥ 1/rN = 200 MeV, (22)
where we used ~c = 197× 10−15 MeV·m.
§3. The Lamb shift
Since the potential around r = 0 has changed, the 2s1/2 electron contributes to the Lamb
shift. The second term e2m3c/(6π
2)r2 of (21) for mcr ≪ 1 generates an energy of a one-
dimensional harmonic oscillator, (nh + 1/2)ωh, where ωh ≡
√
e2m3c/(3π
2me), and nh is the
quantum number of the one-dimensional harmonic oscillator. Therefore, the energy change
near r = 0 is
Eold = − e
2
4πr
→ Enew = −e
2mc
2π2
+
(
nh +
1
2
)
ωh
∣∣∣∣
nh=0
, (23)
where we chose the stable ground state nh = 0. When rc ≪ a0, the existence probability of
the 2s1/2 electron in the sphere of radius rc is approximately
∫ rc
0
4πr2dr|ψ20(0)|2, where ψnl
are the usual hydrogen atom wave functions. Therefore the Lamb shift is
∆E ≃
∫ rc
0
4πr2dr|ψ20(0)|2(Enew − Eold)
=
∫ rc
0
4πr2dr
1
π
(meα
2
)3{(
−e
2mc
2π2
+
1
2
ωh
)
−
(
− e
2
4πr
)}
=
α4m3e
2m2c
(
1
2
− 2
3π
)
+
α3m2e
6mc
√
αme
3πmc
. (24)
Substituting (22) into (24), we obtain the contribution
∆E ≤ 0.1191× 10−6 eV = 28.8 MHz (25)
to the total Lamb shift of 1057 MHz. If mc = 18.42 MeV, we have ∆E = 1057 MHz.
Interestingly, (1) with the cutoffme replaced by 18.42 MeV agrees well with the experimental
value:
∆E =
α5me
6π
∫ 18.42
1/a0
dp
p
= 1087 MHz. (26)
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§4. Zero-point energy density
The canonical distribution assumption in this paper means that the energy created by
virtual photons themselves is finite. Let us calculate the zero-point energy density of the
electromagnetic field. The electromagnetic field operators with the probability density in
the Coulomb gauge are
Ai(x) =
∫
d3p√
(2π)32ω(p)
2∑
λ=1
ελi (p){aλpe−ipx + aλ†p eipx}ρ(p, u¯)1/2, (27)
where the coefficients of the expansion satisfy the canonical commutation relations:
[aλ
p
, aλ
′†
q
] = δλλ′δ
3(p− q), [aλ
p
, aλ
′
q
] = [aλ†
p
, aλ
′†
q
] = 0. (28)
Using (27), the Hamiltonian is calculated as
H =
∫
d3x{(A˙j(x))2 − (−1
4
FµνF
µν)}
=
2∑
λ=1
∫
d3pω(p){aλ†
p
aλ
p
+ δ(p = 0)}e
−|u¯µpµ(p)|/mc
Z
=
2∑
λ=1
∫
d3pω(p)
{
aλ†
p
aλ
p
+
1
2
V∞
(2π)3
}
e−|u¯µp
µ(p)|/mc
Z
,
(29)
where V∞ ≡
∫∞
−∞
d3x, and we used the identities δ(p = 0) =
∫
d3xeip·x/(2π)3|p→0 =∫
d3x/(2π)3 = V∞/(2π)
3. Using (29), we have
< 0′|H|0′ >
V∞
=
2∑
λ=1
∫ ∞
−∞
d3p
(2π)3
1
2
ω(p)e−|u¯µp
µ(p)|/mc
=
∫ ∞
−∞
d3p
(2π)3
ω(p)e−ω(p)/mc
=
3m4c
π2
, (30)
where we used (12) and (14). Thus, we obtained a finite zero-point energy density. Notice
that the result is independent of the average of the four-velocities of real particles.
Substituting (25) into (30), the zero-point energy density is
< 0′|H|0′ >
V∞
=
3m4c
π2
≥ 61 MeV/fm3, (31)
which is extremely large compared to the experimental value. We propose one method
to reduce this value. According to statistical mechanics, mc in (9) is kT , where k is the
7
Boltzmann constant. If the vacuum temperature is lower than the electromagnetic field
temperature and close to zero, the zero-point energy density becomes
< 0′|H|0′ >
V∞
=
3(kT )4
π2
∣∣∣∣
T≃0
≃ 0. (32)
Thus, we can obtain a small zero-point energy density.
§5. Conclusion
In this study, we introduced a relativistic canonical distribution e−|u¯µp
µ(p)|/mc/Z into the
quantum field theory of the electromagnetic field. Here u¯ is the average of the four-velocities
of the particles created by the electromagnetic field. mc has the meaning of a cutoff in
ordinary quantum field theory. As a result, we demonstrated the Coulomb potential is
modified to V (r) = −ze2 arctan(mcr)/(2π2r). We have also shown that if the cutoff value
mc is 18.42 MeV, the potential gives the Lamb shift 1057 MHz of the 2s1/2 electron.
The zero-point energy density of the electromagnetic field has become finite thanks to the
Boltzmann factor e−|u¯µp
µ(p)|/mc . However, the cutoff 18.42 MeV gives the zero-point energy
density that is larger than the experimental value. To solve this, we introduced temperatures
of quantum fluctuations, and we proposed an idea that the temperature of the vacuum is
lower than that of the electromagnetic field and close to zero.
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